In this paper we present a deterministic and a probabilistic model of the dynamics of the price relations for a number of assets on the market. The formalism is based on the asset space introduced in a theory by Illinski. We derive, from an action functional for the system of price relations in that space, the corresponding difference equations, which constitute the deterministic description. Furthermore, we obtain the probability density function of the probabilistic model of market dynamics from the same action functional. The deterministic solution corresponds to a geometric sequence for the interest, whereas the derived probability density describes the probability of the next value of the price relations in dependence on their prior value. The formalism is completely developed for systems (markets) with two and three assets, but exactly the same approach is applicable to the systems consisting of an arbitrary number of assets. 89.65.Gh, 
Introduction
One of the fundamental models used in quantitative finance is the model of geometrical Brownian motion [1, 2] . The model is given by the stochastic differential equation:
S( ) = αS( ) + σ S( ) W ( )
where α ∈ R and σ > 0 are constants, and W ( ) is the Brownian motion. The solution of the given equation is a price, a stochastic process S = (S( ) 0):
The parameter σ stands for volatility and is of great importance for the financial market [3] . This process, among other things, serves as a model of asset price dynamics in the Black-Scholes-Merton model, for which the authors received the Nobel Prize in economics for the year 1997 [4] . Ito's calculus, today ubiquitous in quantitative finance, is also usually based on Brownian motion [1, 5] . Generally, a vast portion of research in this area takes the geometrical Brownian motion for the basic model of asset price dynamics, and upon that new results and theories are being developed [6] .
On the other hand, empirical findings show that the real prices do not behave according to that particular random process, and considerable deviations from it have been observed [6, 7] . The aforementioned model actually assumes that the returns are normally distributed in every discrete time step. However, observations indicate that this is not always the case. The biggest and most frequent problems when dealing with discrepancies between experience and the model are: so-called fat tails, negative skewness, and narrower peaks in the distribution of log returns [8, 9] . Besides that, the volatility estimate based on the geometrical Brownian motion for a certain asset is a constant [10] . If one wants to include the heteroscedasticity of time sequences, one ultimately arrives at econometric models of the ARCH and GARCH (Generalized Autoregressive Conditional Heteroscedasticity) (Engle, 1982 , Bollerslev, 1986 type [2, 6] . One of the biggest downsides of these models is stability. Unstable models can produce utterly unreliable results [2] .
Recently, there has been an intense interest in studying processes with stable distributions, in order to achieve a greater degree of accordance between the model and the fluctuations of real prices of assets on the market. Examples of such processes are Levy flights, which are somewhat of a generalization of Brownian motion [2, 11, 12] .
The main issue with the models in question is the fact that they are all statistical by nature, and as such primarily focused on the data and the possibility of reconstructing statistical properties from it. All of these approaches start from a certain family of distributions and try to find the values of parameters that best fit to the real, observed data. They are marginally interested in why the distribution looks exactly like it does, which are the laws of the market that lead to such forms of distributions [1, 2, [13] [14] [15] .
Because of that, such approaches cannot answer questions like: what will happen to the stock prices of some companies when positive or negative information regarding these companies, these market sectors, or generally, the entire market appears [6, 16] ; or what will happen if certain funds move large quantities of capital from one company to another, which is particularly important for developing markets where a couple of funds dominate the capital market, such as the Zagreb stock exchange [6] .
In order to understand such phenomena, it is necessary to look at the market from another point of view, i.e. to look for the "real", "physical" laws under which the financial system, i.e. the capital market, acts. To find a few simple rules that govern the time evolution of such a system is not an easy task [6] , mainly because the system itself is exceptionally complicated [17, 18] . A set of such systems is referred to as complex systems, and describing these systems is referred to as the problem of complex system modeling [19] [20] [21] . It is widely known today that there are many problems in different areas of research which have some common elements such as, for example, feedback, non-stationarity, many interacting agents, adaptation, evolution, single realization, and openness [6] . Exactly because of these elements, some systems are named complex. There is no commonly accepted definition of a complex system, however most of the experts in the area agree that a complex system should posses some or all of the aforementioned properties [6, 22] . Financial systems have already been considered as complex systems in a number of articles [2, 6, 7] .
In this paper, the capital market is viewed as a complex system, and the paper itself is concerned with implications of the assumption of the minimum of arbitrage on the market [23] . Arbitrage is defined as the disproportion of price relations, which by itself allows profit without risk [1] . It is to be expected that the markets act so to minimize the arbitrage [1, 18] . The objective of this paper is to derive the deterministic and the probabilistic trajectory of price relations as a consequence of that assumption.
Deterministic model of the market
As we have mentioned in the previous section the key result of this paper is a model, based on elementary assumptions, which produces the basic dynamics of the financial markets. In this section we are investigating the deterministic case, which is applicable to situations free from risk. The companies achieve returns directly proportional to the amount of effort invested during a certain period. This principle is also applicable in other social systems. For example, exam results achieved by a student during the semester are proportional to the difference of time invested in learning and student's free time. With companies this would imply that the fair, or equilibrium, price of the company at the end of a certain period of time is proportional to the difference of effort invested in the company and the benefit extracted from it. For example, the extracted quantity could be dividends, being paid to the stock owners, and the invested effort could be the choice of good company strategies.
Furthermore, we expect a good model to be independent of the market we choose to analyze, i.e. it should not vary if we use it to model the prices on the American or European Stock Exchange. So it would be preferable to construct a model that would depend minimally, if at all, on the local aspects of the financial market. The easiest way to achieve this, in the view of the authors, is to eliminate the effect of the choice of currency. This problem is partially solved by examining returns but the actual value of the currency does not remain constant during the period of observation. As a satisfactory solution one should examine not prices themselves as key variables but rather the relations of these prices. In doing so one obtains new variables independent on the choice of currency. Additionally, these price relations will incorporate correlations between assets. Also, when placing an investment, investors are not interested in the prices of various assets, but rather compare several assets and then act based on that comparison. For instance if an investor is given two completely correlated assets she shall most certainly not be inclined to trade one of these assets for another. Therefore price relations and not prices alone determine the dynamics of the market, which is in full accordance with modern theories of complex systems: more relational and less absolute [22] . The third assumption, upon which this model is based, is related to the value of the company. The companies determine the number of stocks on the market, and with it the price of a single stock is defined. The companies are allowed to choose weather they will issue a smaller number of expensive stocks or a large number of relatively cheap stocks. Owing to the fact that the market value of the company equals the overall number of stocks multiplied by the market price of each, the dynamics of a company's value is not expected to differ in those two cases. This implies that if one is to scale a stock price with a positive real number the dynamics of the scaled price should remain equal to the dynamics of the starting price. The scaled price can be understood as a stock price when we have more or fewer stocks issued on the market. Therefore the market model should exhibit invariance to the scaling of certain asset prices. To put it in mathematical terms the model should be invariant to dilatation. Furthermore every asset's price can be rescaled arbitrarily, which expresses the local character of the presumed invariance. The demand of local invariance to rescaling prices has somewhat narrowed the choice of all possible market models to only those admitting to this demand. The aforementioned assumptions can be summarized as follows:
i. On the riskless market the price of a company at the end of the observed period is proportional to the difference between extracted gain and invested effort during that period,
ii. The key variables of the model should be price relations instead of prices, iii. The model should be invariant to price dilatation.
We now proceed with the construction of a workable model. When trying to find an appropriate mathematical basis for the description of a market we started from a set of N different assets available on the market at some prices. It is assumed, for start, that all prices are expressed in the same currency. In the -th discrete time step these are denoted by S 1 S N . The price relations are then given as:
These are actually the price of the -th asset expressed in the units of the -th asset. Along with assets we are also considering the respective companies. For company we denote the extracted gain form discrete time step to + 1 as O +1 (output) and the invested effort as I +1 (input). Their normalized difference defines the growth rate of the respective asset,
It is worthwhile mentioning that the growth rate is defined with respect to the owner i.e. in the case of +1 > 0 the owner receives gain from the company, while the company loses a certain amount of its value. Also, thus defined, the growth rate is independent on the choice of currency. From this point on it is assumed, for the sake of simplicity, that this growth rate is constant in time. According to that assumption, the value of the -th company, from step to step + 1 increases (decreases) by the factor , where is the appropriate growth rate for the -th asset and is time step, = +1 − . For example, if the growth rate is 5 percent per year and if the time step is one month then the company value changes in one month by the factor 0 05/ 12 . Also, assets are represented as points in the discrete space (Figure 1 ). If one is interested in two assets on the market at two discrete time steps then the principle of fair play, in finances the principle of zero arbitrage, means that the profits over all paths (Figure 1 ) are equal. According to that principle if one has an asset in the -th step with a growth rate equal to (the difference of extracted and invested quantities) and decides to keep it instead of selling it, one's gain in the + 1 time step is 1 , expressed in terms of the other asset 1 S +1 . If, on the other hand, one decides to sell it in the -th time step at a price S expressed in the terms of asset , and buys the other asset , with the respective growth rate , then one owns 1S , and the gain in the following time step equals 1S
. In the situation of fair play these two gains should be equal. Therefore zero arbitrage means:
i.e.
The first term on the left hand side of equation (4) is the effect of encircling a closed contour (the plaquette) in the asset space (Figure 1 ). Since the ordering of the actions of keeping or buying an asset is irrelevant (profits of all paths are the same) we introduce the opposite direction of encircling the plaquette as well:
It is expected that the deterministic dynamics of the market is to minimize the sum of the l.h.s of these two expressions (4), (5):
It should be noted that expression (6) is always positive or zero, owing to the fact that the prices are positive quantities. As will be shown later this minimum actually corresponds to the zero value. In terms of the calculus of variations expression (6) represents the Lagrangian of this discrete time system. So, in accordance with the above assumptions, the action functional for the system in the case of several assets ( Figure 2 ) is:
α denotes the plaquette weight factor. The term in the curly brackets is the arbitrage (the product of parallel transports over a closed contour). Contributions of time plaquettes (round brackets) are to be summed over all of the assets in the asset space ( Figure 1 ). The remaining terms represent the arbitrage present in all "space" plaquettes and are summed over all discrete time steps. The action functional of the system, actually the sum over all 'space' and 'time' plaquettes in the space of assets and price relations (Figure 1 ) built from price relations, remains invariant to dilatation of prices and minimises the deviations from the zero arbitrage state. The dynamics of the market it yields is therefore also expressed through the price relations, dilatation invariant, and lies on the minimum of the arbitrage functional. Figure 2 . Geometry of the asset space for three assets.
In the setting of differential geometry it becomes possible to define the arbitrage as the curvature of the fiber bundle.
One can draw here a parallel to gauge field theories. The space of assets is in fact a fiber bundle, a point in its base space represents a single asset in each discrete time step, and price relations then appear as connections on that fibre bundle [1, [24] [25] [26] . To each point in the discrete base i.e. an asset, a positive real axis is assigned. That is, the fiber and the number of units of that asset is expressed as a coordinate on that fiber. For example, "element of fiber is equal to 5" means that the element represents 5 units of the th asset" [1] . When the local dilatation acts on these fibers the coordinates of different fibers are compared using connections, which are the price relations and growth rates. The discrete variation principle [27, 28] gives the evolution of price relations such that the condition of minimal arbitrage is satisfied. Let us now denote the price relations of three asset prices as: S 12 S 23 S 31 . The action functional for that particular system is:
For the sake of simplicity, let us denote the relative interest as := ( . It is fixed at the beginning just as are the initial values of price relations. Inserting that action in the discrete variation principle one obtains the difference equations [27, 28] :
These are, in fact, a system of difference equations for every S : 
The last two terms on the r.h.s describe the effect of other price relations in the "space" plaquette on the dynamics of the price relation in question, and they vanish under the constraint of zero arbitrage in that plaquette. Given that there is no arbitrage present in a "space" plaquette, the solution of the system is a geometrical sequence with quotients and respectively. The presence of arbitrage in "space" plaquettes is not to be expected in real markets, so we choose to disregard it, and leave that term out of the action, i.e. the problem is being solved under the constraint of vanishing arbitrage in a "space" plaquette. For the case of only two assets, there is no "space" plaquette. It degenerates to a single edge with a single price relation for these two assets. The action, then, takes a much simpler form:
and the corresponding difference equation is:
It is a second order difference equation with two initial conditions: S 0 S 1 . However, it may be considered more appropriate to rewrite the equation (14) as:
The difference equation (15) is an implicit equation. Nevertheless it is possible to rearrange the terms in order to obtain a quadratic equation for the term with the highest index. One of the solutions,
is found to be always positive, and that is the desired physical solution of the difference equation, because the price relation (an element of the gauge group [1] ) is defined as a positive real scalar. But even without this, it can be seen that a solution of the form:
satisfies the starting difference equations and drives the arbitrage functional to zero. Other solutions of the difference equation, geometric sequences with an arbitrary quotient, lead to a non-zero arbitrage. One can generally state that the deterministic description of the market by an action of the form (7) leads to the geometric sequence of price relations, which can be interpreted as an effect of a relative interest rate.
Probabilistic model of the market
In prior chapters the principle of fair play, according to which everybody receives, at the end of a certain period, the reward proportional to the invested effort, was pointed as the key principle applicable to many social systems. An example of a college student was also given. However real life experience shows that the grade is not always a measure of knowledge. For instance, there are cases when a student receives a higher than expected grade in spite of having spent very little time on learning, or receives a lower grade in spite of having learned extensively. Naturally, on average the student receives the expected grade. Therefore the grade itself is not a deterministic but rather a random variable. The reasons for that are numerous: the assignments on the exam almost never cover the entire course, some students are more susceptible to fear, some examiners have lower criteria then others, etc. It is evident that the stochastic character arises from all of the factors in play. In the case of companies one encounters a similar situation. It was mentioned earlier that the equilibrium price of the stock of a certain company reflects the difference between extracted and invested quantities for that particular company. However it is clear that companies have business plans which are not completely risk free. Also it is clear that people who trade with the company's stocks estimate the real value of the stock differently. Therefore, it is obvious that the price of the company is actually a random variable. The right question to be asked at this point is about the fair probability distribution for the price of an asset. It is clear that there should exist a positive probability for the price being greater or lower than the deterministic one. The transition from a deterministic to a probabilistic model is done following the above assumptions and applying a procedure analogous to quantization, where the action functional has its definite place in the probabilistic picture. The same accords with the maximum entropy principle [29] [30] [31] .
For sake of simplicity, let us take the value of the plaquette weight factor to be α = 1. One expects to find deviations of price relations from the values given by the deterministic model. Therefore, the market should be found fluctuating around the zero arbitrage state. With the aid of the action (8) we write the probability weight of the sequence of price relation configurations as:
If one turns attention to a single term in the product on the r.h.s, one immediately finds that the expression can be written in a much clearer form:
One can also apply the same technique to write down the term with products in the "space" plaquette:
where
Π is a function of the arbitrage in "space" plaquette in the -th step. The configuration with interest one step after these values of the price relations is less probable the further this configuration is from the zero arbitrage state. It is trivial that this term has a global maximum in S Π = 1, which is exactly a zero arbitrage configuration. If one accepts the assumption of vanishing arbitrage in the "space" plaquette, one finds the price relations to be mutually independent because the trajectory weight for the entire configuration is exactly the product of trajectory weights for single price relations. From this step on we deal with the two-asset system ( ). In that case the space plaquette vanishes. S := S , µ +1 := ( − )∆ S = µ∆ S , and µ = ( − ) are shorter symbols introduced to make the form more transparent. Furthermore for the sake of simplicity, the discrete time step ∆ is taken to be ∆ = 1. The whole expression seems much simpler now:
and the terms in this product can be interpreted as dilatation invariant weights of the trajectory {S } ∈N . S here bears the meaning of a single price relation in the discrete time step S . Let us turn our attention to a single term:
where N is a normalization constant which we will determine, via an approximation, later. Expression (22) is almost the conditional probability density for finding the price relation S +1 in the next step if the value of the price relation in the present step with interest is
This expression has a global maximum for the value of S +1 = µ +1 , which corresponds to the deterministic value of the price relation in the next step, according to the geometric sequence for interest. For all discrete time steps one can state, as was to be expected, that the most probable trajectory is exactly the one that keeps the arbitrage value minimal, and that is the deterministic, classical trajectory, equal to the geometric sequence. For an arbitrary number of steps the pdf is given as a multiple integral over all intermediary steps. The measure of integration needs also to be invariant under the gauge transformation (local dilatation). One finds this requirement to be satisfied by a measure of the form:
So, if one is interested in the conditional pdf for some price relation S +1 , in the step + 1, it is given by the following expression:
which actually means integration over all discrete trajectories starting in the initial configuration of price relation S 0 and ending after +1 steps in some price configuration with the price relation S +1 , respective to their probabilistic weights. That is the calculation of the overall conditional pdf integrated over all the values of intermediate states. Furthermore, it is possible to define the conditional pdf from the weight of trajectory in a way that it absorbs the part of the invariant measure:
So the partition function of the system is written as:
Let us return for a moment to the expression (26) . This pdf corresponds to the generalized inverse Gaussian pdf. If one reinstates the plaquette weight factor α P to a value different from unity, one obtains:
One can now see that this factor is also a measure of the deterministic character of the system. For, a larger value of α P system exhibits smaller deviations from the classical trajectory. Thus, the factor α P is inversely proportional to the variance of the trajectory. The expression (28), however, needs to be normalized. For a generalized inverse Gaussian pdf one has an analytical normalization constant expressed in terms of Bessel functions. For the needs of this paper, it seems more suitable to use an approximation for that particular constant. The expression for an normalized generalized inverse Gaussian pdf, for α 0, is known to be:
Such a pdf gives an expectation value
Just one short note: the conditional pdf can also be normalized to the value of µ +1 = 1 if the price relation in question is expressed in terms of relative deviation from the most probable value as S +1 = µ +1 . This makes the pdf look like:
which expresses the probability density for relative deviation of a price relation from the most probable value (unity).
Connection with the standard financial model
In the remainder of the section we will demonstrate the relation with the geometric Brownian motion, which represents the standard model of price dynamics. The conditional pdf for the price relation can be used to write down the pdf for the returns instead,
And the pdf for the returns is
An approximation for expression (33), using
, and
, owing to the fact that ER−µ ≈ −(ER−µ) ≈ 1, turns out to be:
Introducing α = 1 2σ 2 we have exactly the normal distribution: 
Knowing the distribution for returns one can express the price relation S as:
which owing to the fact that
with Z ∼ N (0 1) equals: 
where {W ( ) 0} is the Brownian motion. Utilising Ito's lemma the expression (42) can be shown to satisfy the following standard stochastic differential equation:
With this, we have shown that in an appropriate approximation price relations follow the geometric Brownian motion. In order to show this we could have also taken the functional integral, followed the standard decomposition and used an approximation about returns within the integral in order to obtain the discrete version of the FokkerPlanck equation, which is actually the partial differencedifferential equation analogue to the standard partial differential equation, which governs the geometrical Brownian motion.
Conclusions
In the scope of this paper the discrete dynamics of asset price relations has been derived as a consequence of a minimum of the arbitrage on the market. Both deterministic and probabilistic models have been presented. As a result of the deterministic model, one obtains a geometric sequence of price relations (16) , and as a result of the probabilistic model one has a generalized inverse Gaussian pdf as the conditional pdf of price relations in the market (29) . It has been shown that in the case of small variances of returns the probabilistic model leads to the geometrical Brownian motion.
It remains an open question to derive the corresponding random process of price relations based on the given pdf, which would describe the dynamics of the same after arbitrarily many discrete time steps. Furthermore, one should include some additional assumptions about the market regarding the interactions of the investors in the very dynamics of the system. It also remains, as a purely mathematical challenge, to justify the procedure of constructing stochastic dynamics from the given deterministic one. The authors believe that this could be achieved by utilizing the formalism introduced in statistical mechanics and thermodsynamics by Ruelle [31] .
